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Background Theory
LMD/ELMD

TKEO



LMD (Local Mean Decomposition)
Decompose a raw signal into a series of product functions (PF)

Step 1. 
 Find the local extreme points 𝑛𝑖 (i = 1, 2,…, M) of the target signal x(t)

 Calculate the local mean value 𝑚𝑖 and local envelope magnitude 𝑎𝑖

𝑚𝑖 =
𝑛𝑖+𝑛𝑖+1

2

 𝑎𝑖 =
|𝑛𝑖−𝑛𝑖+1|

2



LMD
Step 2. Connect all 𝑚𝑖 and 𝑎𝑖 by using straight lines. Then obtain a varying 
continuous local mean function 𝑚1,1 𝑡 and local amplitude function 𝑎1,1 𝑡 via 
the moving average method. 

J. Smith, “The local mean decomposition and its application to EEG 
perception data”, J. Roy. Soc. Interface, vol. 22, no. 5, pp. 434-454, 2005.



LMD
 Step 3. ℎ1,1 𝑡 = 𝑥 𝑡 − 𝑚1,1 𝑡

𝑠1,1 𝑡 =
ℎ1,1(𝑡)

𝑎1,1(𝑡)

 Step 4. Set 𝑠1,1 𝑡 as the target signal and repeat steps (1-3) until 𝑎1,𝑛 𝑡 = 1

where



LMD
Step 5.

 The envelope signal 𝑎1 𝑡 = ς𝑖=1
𝑛 𝑎1,𝑖(𝑡)

 The first PF is given as 𝑃𝐹1 𝑡 = 𝑎1 𝑡 𝑠1,𝑛(𝑡)

 Corresponding instantaneous phase φ1 𝑡 = 𝑐𝑜𝑠−1 𝑠1,𝑛 𝑡

 Corresponding instantaneous frequency 𝑓1 𝑡 =
𝑓𝑠𝑑φ1 𝑡

2𝜋𝑑𝑡



LMD
Step 6.
𝑢1 𝑡 = 𝑥 𝑡 − 𝑃𝐹1 𝑡

Set 𝑢1 𝑡 as target signal and repeat the steps (1-5) until 𝑢𝐽 𝑡 contains no 
oscillations



𝑢1 𝑡 = 𝑥 𝑡 − 𝑃𝐹1 𝑡

𝑢2 𝑡 = 𝑢1 𝑡 − 𝑃𝐹2 𝑡

⋱

𝑢𝐽 𝑡 = 𝑢𝐽−1 𝑡 − 𝑃𝐹𝐽−1 𝑡

𝑥 𝑡 = σ𝑗=1
𝐽

𝑃𝐹𝑗 𝑡 + 𝑢𝐽(𝑡)



ELMD (Ensemble LMD)
 Step 1. 𝑥𝑖 𝑡 = 𝑥 𝑡 + 𝛽𝑛𝑖 𝑡 , 𝑛𝑖 𝑡 : 𝑤ℎ𝑖𝑡𝑒 𝑛𝑜𝑖𝑠𝑒

 Step 2. Using LMD: 𝑥𝑖 𝑡 = σ𝑗=1
𝐽

𝑃𝐹𝑖,𝑗 𝑡 + 𝑢𝑖(𝑡)

 Step 3. 𝑃𝐹𝑗 𝑡 =
1

𝐼
σ𝑖=1
𝐼 𝑃𝐹𝑖,𝑗 𝑡
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TKEO (Teager-Kaiser Energy Operator)
 continuous form: Ψ 𝑥 𝑡 = (

𝑑𝑥(𝑡)

𝑑𝑡
)2−𝑥(𝑡)

𝑑2𝑥(𝑡)

𝑑𝑡2

 discrete form:       Ψ 𝑥 𝑛 = [𝑥(𝑛)]2−𝑥 𝑛 + 1 𝑥(𝑛 − 1)



TKEO
Consider an undumped linear mass-spring oscillator with mass m and spring 
stiffness k

Motion of the mass: 𝑚 ሷ𝑥 𝑡 + 𝑘𝑥 𝑡 = 0

Solution: 𝑥 𝑡 = 𝐴𝑐𝑜𝑠 𝜔𝑡 + 𝜃 ,𝜔 = (𝑘/𝑚)1/2, 𝜃: 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑝ℎ𝑎𝑠𝑒

 ሶ𝑥 𝑡 = −𝐴𝜔 sin 𝜔𝑡 + 𝜃 , ሷ𝑥 𝑡 = −𝐴𝜔2 cos 𝜔𝑡 + 𝜃

Total mechanical energy 𝐸 =
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Combination
 ELMD => Select PF =>=> TKEO

 First-shift Correlated kurtosis 𝐶𝐾𝑗 =
σ𝑛=1
𝑁 (𝑃𝐹𝑗 𝑛 𝑃𝐹𝑗(𝑛−𝑇))

2

(σ𝑛=1
𝑁 𝑃𝐹𝑗

2(𝑛))2

 𝑇 =
𝐹𝑠

𝑓𝑚
, 𝐹𝑠: 𝑠𝑎𝑚𝑝𝑙𝑖𝑛𝑔 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦, 𝑓𝑚: 𝑓𝑎𝑢𝑙𝑡 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦

 Pearson’s correlation coefficient 𝑃𝐶𝐶𝑗 =
𝑥 𝑛 − ҧ𝑥 𝑛

𝑇
(𝑃𝐹𝑗−𝑃𝐹𝑗)

𝑥 𝑛 − ҧ𝑥 𝑛 ∙||𝑃𝐹𝑗−𝑃𝐹𝑗||

 Sensitive Parameter 𝑆𝑃𝑗 = 𝑃𝐶𝐶𝑗 ∙ 𝑓𝑗 , 𝑤ℎ𝑒𝑟𝑒 𝑓𝑗 =
𝐶𝐾𝑗−min(𝐶𝐾)

max 𝐶𝐾 −min(𝐶𝐾)
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